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This paper studies a three-body Coulomb virtual structure control problem. For a formation of three spacecraft
flying freely in deep space, actively controlled Coulomb forces are used to stabilize the formation to a shape-fixed
triangular configuration. The control problem is challenging because the system is nonlinear and nonaffine, while the
direct control of all three sides at the same time is often not implementable using only real charges. Firstly, a two-side
switched control strategy is developed to control the two sides with the worst shape errors such that the
implementable charge control solution is guaranteed. However, analytical and practical stability issues arise due to
the discrete control time steps. Using the multiple Lyapunov functions analysis tool, a stable switched control strategy
is set up in a manner such that the activated error function is decreasing rapidly enough to compensate for a
potentially increased amount during the last uncontrolled control cycle. Thus all the error functions are made
Lyapunov-like and the global stability of the switched control strategy is guaranteed. Perfect convergence to desired
triangular shape is not physically achievable with Coulomb forces alone because the general triangular shape is not a
natural equilibrium solution. Numerical simulations illustrate the effectiveness of the stable switched control

strategy.

I. Introduction

SPACECRAFT virtual structure is a cluster or formation of

spacecraft with a fixed relative configuration forming a desired
shape to satisfy mission sensor requirements. A feedback control
strategy is required to stabilize the spacecraft to the reference
configuration. The goal is to be able to place sensors at desired loca-
tions to provide the required baselines to satisfy mission objectives.
The free-flying concept is attractive in that it allows for large sensor
baselines to be considered, and the overall cluster shape can be
changed over time to accommodate changing mission sensing
requirements. The virtual structure approach is a convenient method
to prescribe a coordinated behavior of the formation because this
approach assumes the reference structure fixed in the Hill frame.
Reference [1] develops a formation feedback control strategy to
achieve the virtual structure control. The authors at first assume that a
rigid structure is in orbit, then use an inverse dynamics method to
determine a feedforward reference control using thrusters that can
maintain the spacecraft in the rigid structure configuration. At last a
feedback control loop is used to stabilize the spacecraft cluster about
the virtual structure. This virtual structure control is based on the
thrusters’ capability to control the three-dimensional motions of the
satellites.

In contrast, this paper studies a Coulomb virtual structure control
problem. As compared with the traditional virtual structure control,
Coulomb virtual structure control is a very different problem because
the direct controllability of the relative satellite positions is not
present. A Coulomb virtual structure uses only electrostatic forces
(Coulomb forces) to control the shape of the formation, and not
necessarily the formation’s inertial position and orientation. The use
of Coulomb forces to control spacecraft relative motion was first
investigated by King et. al. in 2002 [2]. Since then many applications
of the Coulomb formation flying (CFF) concept have been studied.
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These include CFF equilibrium solutions [3-6], two-craft Coulomb
tether control [7-10], hybrid propulsion strategy combining
Coulomb forces and electric thrusters [11], as well as spacecraft
collision avoidance using Coulomb forces [12—14]. Considering the
plasma environment in space, the Coulomb thrusting approach is
applicable in tight clustered space missions in geostationary orbits
(GEOs) or in deep space where the Debye shielding effect is not very
strong and the separation distances are within 100 m.

The studies of open-loop equilibrium charge solutions and
Coulomb virtual tether control are related to Coulomb virtual struc-
ture control, but they focus on different aspects. The Coulomb tether
papers present the first examples of feedback stabilized virtual
Coulomb structures [7-10]. However, their control methodology
does not scale to systems with more than two spacecraft. Refer-
ences [15-17] are more closely related to the Coulomb virtual
structure control problem considered in this paper. Reference [15]
studies constant charge invariant shape solutions for spinning three-
craft Coulomb formation. It shows that only the collinear config-
uration and expanding equilateral triangle configuration can be
invariant assuming a fixed spacecraft potential. Reference [16]
introduces the spinning two-craft Coulomb tether concept. It is the
first work that analyzes the open-loop stability of a Coulomb tether
with constant spacecraft charges, based on a linearized model.
Assuming the Coulomb tether flying in deep space, it shows that the
radial motion is locally stable if the spacecraft separation distance is
less then the Debye length. Reference [17] studies the three-craft
Coulomb tether problem. Based on a linearized model about a
collinear equilibrium configuration, a linear feedback control is
developed to stabilize the Coulomb tether to the collinear relative
equilibria. The nonlinear system converges to a neighborhood of the
desired equilibrium, but due to the approximation using linearization
technique, the size of the convergence neighborhood is limited.
General triangular formation shapes, or nonequilibrium collinear
shapes, are not feasible with this control strategy.

The three-craft Coulomb virtual structure control is a good start to
the general N-craft Coulomb virtual structure problem. Refer-
ence [18] studies a one-dimensionally constrained three-craft
Coulomb virtual structure control. Here a two stage control strategy
is developed to make the one-dimensional three-craft formation
converge to a desired configuration. The first stage uses saturated
control to stabilize the relative motion of the formation. After the
relative motion is stabilized, the second stage is engaged to control
the shape of the formation to converge to the desired shape. The
control convergence domains are found numerically. But for a
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symmetric configuration case, analytical criterion is derived
analytically. The one-dimensional nature of this work allows for
significant mathematical simplifications, and provides for a dynamic
system where solving for the charge products always leads to real and
unique individual charge solutions.

This paper extends the work in [18] into three-dimensional space.
This extension results in a significant increase in the complexity of
the dynamic system, as well as the control implementation. While the
products of the spacecraft charges appear linearly in the dynamics,
the mapping to individual charges can yield imaginary solutions at
times. Thus a standard inverse dynamics solution is not feasible here.
Instead, a Lyapunov-based nonlinear control strategy is sought
which stabilizes the configuration of the three-craft formation to an
arbitrary triangular shape. This paper studies how to develop an
implementable control strategy while still ensuring the stability of the
system. One method to guarantee an implementable control is to
always control the worst two sides of the triangle. However, such
switching strategy can cause stability issues due to the discrete
control time steps. Multiple Lyapunov functions analysis is a tool to
analyze the stability of a switched system. This paper investigates
how to modify the switched control strategy such that the stability of
the charged spacecraft virtual structure system is ensured. Because
the general triangular shape (except for the collinear configuration
case) does not have an equilibrium charge solution, the asymptotic
stability is not achievable. Numerical simulations illustrate the
closed-loop performance of the new three-craft charge control
strategy.

This paper makes several simplifications to investigate the control
of a triangular configuration of a Coulomb virtual structure. This
work is the first step into the Coulomb virtual control in real situation,
in which the gravitational forces, Debye shielding, etc., are consid-
ered. The control problem gets complicated fast when the discrete
control input is considered. The influences of the gravitational forces
and Debye shielding are beyond the scope of this paper and are the
next step to the Coulomb virtual control problem.

II. Separation Distance Equations of Motion

This paper considers a three-spacecraft cluster flying in the three-
dimensional free space where there are no external forces acting on
the system. The scenario of the three-body Coulomb virtual structure
is shown in Fig. 1. Assuming point-charge models for the spacecraft,
the Coulomb force between the ith and jth spacecraft exerted by the
ith spacecraft is given by [14]

F,=—k (1+ )xp(—ﬁ)é” )
rij Aa A

where k, = 8.99 x 10° Nm? C~2 is the Coulomb constant, g; is the
charge of the ith spacecraft which can be actively controlled, r;; =
[|7;;1l is the separation distance between the ith and jth spacecraft, é;;
is the unit vector pointing from the ith to jth spacecraft. The
parameter A, is the Debye length which characterizes the plasma
shielding effect. It is influenced by the temperature and the ion/
electron density. The Debye length ranges within [0.02, 0.4] min low
Earth orbit, [142, 1496] m in GEO and [20, 40] m at 1 astronomical
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Fig. 1 Scenario of the three-body system.

unit in deep space [2]. Generally it is assumed that the Coulomb
thrusting is applicable only when the separation distance is less than
the local Debye length. In developing the control algorithm, it is
assumed that A, = oo which indicates that the plasma shielding
effect is not explicitly considered.

By the assumption that there are no external forces acting on the
three-body system, the inertial equations of motion (EOMs) are
given by
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where m; is the mass of the ith spacecraft, r; is the inertial position of
the ith spacecraft.

This paper intends to develop a control algorithm to make the
three-body formation assume a certain desired shape. The shape of a
three-body formation can be completely defined by the three
separation distances between any two spacecraft. Mathematically,
the objective of the control to be making the three separation
distances (715,723, 713)7 converge to the desired distances
(rty, ris, ri5)T. The first step is to identify the separation distances’
EOMs.

For the notational convenience, a vector & is defined as a function
of the charge products:
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Based on the inertial EOM in Eq. (2), the relative positions’ EOMs
are found:
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The relationship between the separation distance’s acceleration 7;;
and the relative acceleration 7;; is achieved by differentiating the

identity r;; = | /F;; - T;; twice:

.. oA . .
rij=r;-e;+ - 7 12(1 — cos® Z(ry;, F+;)) (©)
i
where Z(r;
Fij.
Substituting the relative positions’ EOMs in Eq. (4) into Eq. (5),
yields the separation distances’ EOMs:

;j»Fi;) denotes the angle between the two vectors r;; and
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Fig. 2 Geometry of the three-body system.

where «; is the angle of the two sides cornered at the ith spacecraft as
shown in Fig. 2, f; is given by

fi=1ral(1 —coszé(rlz,i'lz)) (7a)
fa= ||'.'23||2(1 - COSZA(’z}»'.'%)) (7b)
f3 = 3117 (1 = cos® £ (ry3. 713)) (70)

III. Virtual Structure Control Strategy

The objective of the Coulomb virtual structure control is to
stabilize the cluster to the desired triangle. The inertial orientation is
not concerned. Mathematically the goal of the control is to make the
separation distances converge to the given desired distances:

(ria, ra3, ri3)T = (rfy, 133 )T ®)

This paper assumes that the desired shape of the three-body system is
stationary, which means that the three separation distances are
constant. Using the state vector X = (75, 723, 713)”, the separation
distances’ EOMs in Eq. (6) are rewritten into a concise form as

X=[BE+f ©)

where f = (f|, f2. f3)7, and the matrix [B] is

1 + 1 cos oty cos oy
my my my my

[B] = o (m% + m%) . (10)
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Define the state tracking error to be
AX=X-X* (11)

where X* = (rf,, 15, ri3)T is the array of desired separation
distances.

The objective of the control is to find an implementable solution of
& to make AX — 0. Note that £ is a linear function of the charge
products. But the individual charges of spacecraft are the ultimate
control inputs of the control system, which makes this a nonaffine
control problem. Not all the combinations of the charge products
result in real solutions of individual charges, some combinations
result in complex values of individual charges. Those complex
solutions of individual charges are not physically implementable.
This issue will be discussed and addressed later on.

A. Three-Side Control Law

First, let us consider the case where all three sides are to be
controlled at once. As will be seen, this three-side control solution
does not always result in real charge solutions due to the nonaffine
nature of the Coulomb forces. Let us define a Lyapunov function
candidate as

1 1 .
V=3 AXT[KIAX + 3 AXTAX (12)

where [K]is a3 x 3 positive definite matrix. Let us use [K] = k[I3,3]
for simplicity with k£ > 0 being constant. Taking a first-order time
derivative of V and using the EOMs in Eq. (9), yields

V = AX"(K]AX + AX) = AX"(K]AX + [BlE + f) (13)

To guarantee overall stability set V to be a negative semidefinite
function

V =—AX"[P|AX (14)

where [P]is a3 x 3 positive definite matrix. Note that this form of V
is negative semidefinite, not negative definite. This is because V is a
function of both AX and AX, but V is only explicitly a function of
only AX.

Substituting Eq. (14) into Eq. (13) and solving for &, yields

£ =[BI"'(-[K]AX — f — [P]AX) (15)

Note that even though Vis negative semidefinite, the control law
given by Eq. (15) is driving the state tracking error AX converge to
zero. This can be proved by the following two steps. The second-
order time derivative of V is

V =—2AX"[PIAX (16)

When V = 0 which indicates AX, V = 0. Taking a third-order time
derivative of V

V =—2AX"[P]AX —2AX"[P]AX (17)

When V = 0,itisobviousthat V < 0and V =0 only when AX = 0.
Thus the system is asymptotically stable if the control law given by
Eq. (15) can be implemented.

From the definition of & in Eq. (3), the individual charges are
solved through

—  [&& [ronsl
91 = ek Il
> = sign(6rks) |22 (18)

gy = sign(&;) /2 R
Notice that Eq. (18) does not necessarily result in real solutions of the
individual charges. If &, -&,-& <0, the individual charges are
imaginary and are not physically implementable. By the definition in
Eq. Q). &, - & - & & (q1q2q3)*. For an implementable solution of £,
the following inequality must be satisfied:

§:6-52=20 (19)

However, the inequality in Eq. (19) is not guaranteed from the three-
side control algorithm in Eq. (15). Some special strategy has to be
engaged to make the control algorithm physically implementable.

B. Two-Side Control Switch Strategy

The previous section develops a Lyapunov-based control law that
controls the three triangle side-lengths at once. The control is
asymptotically stable, but it is not always physically implementable
because at times it requires imaginary charges. If we control two
sides at once instead of controlling three sides, correspondingly a
subset of the state-space EOMs in Eq. (9) are considered, then the
control input matrix [B] becomes a2 x 3 matrix. Using the null space
of the control input matrix, there is a family of solutions that have the
same response. An implementable solution can always be found out
from this solution family. The use of the null space of the input matrix
to determine implementable real charge solutions is discussed
in [18].
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This paper proposes a strategy that always controls the worst two
sides of the triangle. By continuously switching to control the worst
two sides, it is expected that the system is stabilized and the state
tracking error converge to zero. However, the actual switching
strategy must be carefully chosen to avoid making the system
unstable. This paper defines the switching criterion by investigating
the three sub-Lyapunov functions:

1 1 k
Vo =5 k(AXT + AX) + 5 (AX] + AXD) £7AXIAX,
1 . .
+-AXTAX,

2 (20a)

1 1 k
Vi =5 k(AX} + AX3) + 2 (AX] + AXD) = SAX[AX,

1 . .
+3 AXIAX, (20b)

1 1 k
Ve =2K(AX3 + AXD) + 5 (AX3 + AX3) 2 SAXIAX,

1 . .
+-AXTAX,

2 (20c)

The subscripts (a, b, ¢) denote the errors of the two sides cornered at
the (first, second, third) spacecraft, respectively. The final Lyapunov
function candidate being controlled is chosen to be the largest sub-
Lyapunov function:

Vclrl = max{Va, Vb’ Vc} (21)

Once the control £ is determined, the motions of the three sides
are determined by Eq. (9). To develop a control algorithm to only
stabilize two sides at once, the dynamics of the two sides being
controlled are

Xclrl = [Bclrl]E + fclrl (22)

where [B,y] is a 2 x 3 matrix with the two rows selected from the
matrix [B] according to the two sides being controlled.

Taking a first-order time derivative of V,,, assuming the derivative
is taken not at the time of switch, yields

Vctrl = AX.cTtrl(kAchlrl + [Bclrl]s + fctrl) (23)

Let V., forced to be

Vctrl = _AXcTtrl[PZ]AXctrl (24)
where [P,] is a 2 x 2 positive definite matrix. Substituting Eq. (23)

into Eq. (24), yields

[Bc[rl]s = _kAXclrl - fctrl - [P2]AXclrl (25)
9(7) >0
5 9() >0
Bl ]
G
7 M @)
" 172 (E]

7 [N]
a) bctrl(l) bctrl(z)bctrl(a) >0

Note that [B,] is a 2 X 3 matrix. As mentioned in the beginning of
this section, there is a family of solutions of & that satisfy the control
condition in Eq. (25). Let us begin with the minimum norm solution
to Eq. (25):

5 = [Bclrl]f(_kAXctrl - fclrl - [PZ]AXclrl) (26)

where [Boy]" = [Be]” ((Benl[Bewi]”) ™" is the pseudoinverse of the
matrix [B.y]. Note that & in Eq. (26) is the minimum solution to
Eq. (25) which minimizes the norm of the & vector. The general
solution to Eq. (25) can be written as

E=E+y bu 27)
where b isa3 x 1 base vector of the null space of the matrix [B].
Because [B.] is a2 x 3 matrix, it always has a nonempty null space.
The scalar parameter y € R can be any real number. The flexibility of
the value of y provides a single degree of freedom (DOF) that can be
used to find an implementable (real spacecraft charge) control
solution.

So far the implementation problem has been narrowed down to
finding a proper value of y to make the solution & implementable.
Reiterate the implementability criterion as

£ 6 £ >0 (28)
Substituting Eq. (27) into the criterion, yields
2 26 -5 &
= + Vb (D) E + Vb E + 7ben(3) =0 (29)

where &; is given by the minimum norm solution in Eq. (26). The next
step is to find a value of y that satisfies the inequality g(y) > 0. Note
that g(y) is a cubic equation of y. The two examples of the function
g(y) are illustrated in Fig. 3. In both cases, there are two continuous
intervals of y that make g(y) > 0. Generally, even when there exist
a pair of imaginary solutions, the open region (2) in the case that
beyi(1)b 1 (2)b,,;(3) > 0 and the open region (3) in the case that
bt (1) Doy (2) by (3) < O still exist. This indicates that there always
exists a family of solutions that make the two-side control
implementable with the same dynamic behavior.

Because there is an infinite number of solutions that make the
control implementable, a solution is chosen which minimizes the
spacecraft charge magnitudes to simplify the technical implementa-
tion of this charge control solution, this extra DOF is used to find an
optimal solution that minimizes the spacecraft charge magnitudes.
A charge cost function is defined:

3
=) q
i=1

Reference [18] develops an algorithm based on Newton’s method to
search the optimal solution of y that minimizes the cost function J(y)

(30)

9(7) mN?]

" Y2 73

b) bctrl(l)bctrl(z) bctrl(s) <0

Fig. 3 Examples of g(y) function in two cases.
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subject to the implementation requirement g(y) > 0. The same
algorithm is applied in this paper to determine the charge-optimal
solution.

In the ideal case with the control being continuous, the Lyapunov
function being controlled is continuous and nonincreasing. However,
in praxis the control frequency is always limited resulting control
cycles of finite duration. The discrete control time step makes the
Lyapunov function being controlled discontinuous at the switch
point. This discontinuity breaks down the stability proof based on
continuous Lyapunov function. The next section uses a multiple
Lyapunov function analysis tool to analyze the stability of the
switched system and develops a stable switch strategy with present of
the limited control time step.

IV. Multiple Lyapunov Functions Analysis

The last section designs a switching control strategy that always
controls the worst two sides of the triangle, with the worst two sides
defined by the corresponding Lyapunov function candidates.
Stability is ensured if the switching can occur infinitely fast. The
action of the switching may cause stability issues if the switching
occurs over finite time steps. The tracking error of the uncontrolled
triangle side can become the largest error during the finite control
interval.

Multiple Lyapunov functions for switched systems is a tool to
analyze this type of systems with discretely switched control
objectives [19]. Before analyzing the switched system, it is necessary
to define several concepts.

A switched system is a simple case of a hybrid system that is of
multimodal, while the system switches in a way that there are finite
switches in finite time [19].

— AX(1)
—AX(2)

distance errors [m]

500 1000 1500
time [s]

a) Distance errors

x10-38

Lyapunov functions [m2/s2]

400 450

time [s]

350

¢) Stable switch

Lyapunov functions [m2/s2]
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A control cycle period is the time period while the control has to be
constant without updating, it is limited by the hardware components
such as sensors and actuators. The value of the control cycle period is
constant.

A switch cycle period is the time period during when the active
Lyapunov function has not been switched. The value of the switch
cycle period is not constant, the minimum possible value is equal to
the control cycle period.

The switched control developed in the last section switches
according to the three Lyapunov functions defined in Eq. (20). Now
the switch frequency is constrained by the control cycle period. The
maximum switch frequency is the inverse of the control cycle period.
This satisfies the definition of the switched system that there are finite
switches in finite time.

A. Stability Analysis

The stability of a switched system can not be characterized using
only the Lyapunov stability theorem of a continuous system. Even
when all the Lyapunov function rates of the activated models are
negative semidefinite, the system can still be unstable due to the
control objective switching.

Figure 4 shows a simulation example of the three-body Coulomb
virtual structure control using the continuous control strategy
developed in the previous section, but implemented with finite
control cycles. Figure 4a shows the distance errors, Figs. 4b—4d show
the Lyapunov functions in different time ranges. The plots show
that the system is stable during Region 1, but unstable during Region
2. Special tools should be engaged to explain and analyze this
behavior.

Branicky’s contribution in [19] is a milestone in analyzing
nonlinear hybrid system. He proves several theorems that justify the

0.12 T T T

0.08 1

0.06 1

Region 1
Stable

Region 2 ]
Unstable

0.04

0.02

0 500 7000 1500

time [s]

2000

b) Lyapunov functions

Lyapunov functions [m2/s2]

x10-3

-V,

-V, )
Vo< 0 ) ,
VRV BEVA Ya< B e
Ve >0 b

416

4121

1 control cycle” [~

41t P P 1

4.08} o . 1
4,06 k- A7 1

4.04f - {

1335.5 1336 1336.5

time [s]

1334.5 1335

d) Unstable switch
Fig. 4 Simulation example of the unstable switch control strategy.
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stability of different hybrid systems based on Lyapunov’s stability
theorem. This paper employs Theorem 2.3 from [19] repeated here
for clarity:

Theorem 2.3 [19]: Suppose we have candidate Lyapunov
functions V;, i = 1,---, N and vector fields X = f;(x). Let S be the
set of all switching sequences associated with the system.

If for each S € S we have that for all i, V; is Lyapunov-like for f;
and x¢(-) over S|i (S]i denotes the endpoints of the times that system i
is active), then the system is stable in the sense of Lyapunov, where
“Lyapunov-like function” is defined as:

Given a strictly increasing sequence of times 7 in R, we say that V
is Lyapunov-like for function f and trajectory x(-) over Tif: 1) V < 0
when the corresponding mode is activated and 2) V is monotonically
nonincreasing on £(T), where £(T) denotes the even sequence of
T: to,tz.t4,"'. O

Theorem 1 explains the behavior in Fig. 4. Figure 4c shows a
snapshot at Region 1. It can be seen that at every other switching
time, each Lyapunov function candidate is less than its value at
the time point that is two switching cycles before. By Theorem 1, the
Lyapunov function candidates (V,, V,,V.) are Lyapunov-like and
the system is stable in this region. Figure 4d is a snapshot during
Region 2. In this case, the control switches at the maximum
frequency and the switching cycle period is equal to the control cycle
period. Even though during each control cycle the controlled
Lyapunov function is decreasing, the uncontrolled Lyapunov
functions increase faster than the controlled Lyapunov function’s
decreasing rate. At every other switching time, each Lyapunov func-
tion candidate is greater than its value at the time that is two switching
periods earlier. So the Lyapunov function candidates (V,, V,,, V,) is
not Lyapunov-like during Region 2, the stability is not ensured in this
region.

The stability of the switched control strategy given by Eq. (21) and
(27) is not guaranteed because the Lyapunov function candidates
(V4, V, V.) are not guaranteed to be Lyapunov-like.

B. Switched Control Stability Requirements

Theorem 1 explains why the stability of switched control strategy
given by Eq. (21) and Eq. (27) is not ensured. This section improves
the control strategy to make the Lyapunov function candidates V,_,.
satisfy the Lyapunov-like conditions, such that the system is made
stable even with discrete nonzero control cycles.

Assume that during one switching cycle Vj is the controlled
Lyapunov function. The corresponding two sides being controlled
are denoted as ith and jth sides, the uncontrolled side is the kth side.
Here “uncontrolled” does not mean the control will not affect the kth
side, but the kth is not taken into consideration in developing the
control algorithm. Note that when Vj is under control, the errors in
the ith and jth sides are decreasing, but the trend of the error in the kth
side is undetermined.

Figure 4d shows an example that when V, is decreasing, V;, and V.
are increasing at a very high rate. This means that the errors in the L,
and L5 sides are decreasing, but the error in the L,; side is increasing
dramatically and destroys the stability of the system. To ensure
stability of the system, the uncontrolled side’s behavior can not be
neglected.

Note that the control in Eq. (27) makes the errors in both of the two
sides ith and jth decreasing. The error in the uncontrolled side needs
to be investigated. Define three error functions in the same form as the
Lyapunov function candidates:

k I k 1 .
VI:EAX%—FEAXZ, VZZEAX§+5AX§
koo, 1 o

Without loss of generality, rearrange the state vector in the form

X = (f{“f‘) (32)

where X is composed of two distance errors corresponding to the
two controlled side, X, denote the distance error of the uncontrolled
side. Correspondingly the EOM is rewritten to be

Xctrl — (Ban] |, £ b Sew 33

( Xuc Buc (g + 14 clrl) + fuc ( )

where B, is a 1 x 3 vector that is the line in the matrix [B]
corresponding to the uncontrolled side, f,. is the component of the

vector f corresponding to the uncontrolled side. Substituting &€ in
Eq. (26) into Eq. (33) and carrying out the algebra, yields

Xctrl
XUC
_ ( _kAXclrl - [PZ]AXctrl )

Buc[Bclrl]T(_kAXclrl - [PZ]AXCHI - fctrl) + )/Bucbctrl + fuc
(34)

Taking a time derivative of the error function of the uncontrolled side
V.. and substituting X, yield

Vuc = kAXuc(AXuc + Aj(;uc)
= kAXuC(AXuc + Buc[Bctrl]}L (_kAXctrl - [PZ]AXCtrl - fctrl)
+ J/Bucbclrl + fuc) (35)

Equation (35) shows that the sign of the uncontrolled side’s error is
undetermined. Even though there are two parameters [P,] and y that
can be adjusted, this flexibility does not guarantee there exists a
solution to make V,. negative because in some cases controlling
three sides is impossible.

To find a way to solve this problem, it is beneficial to take a closer
look at the unstable situation shown in Fig. 4d. Note that the three
Lyapunov function candidates are actually the combinations of the
error functions:

Vo=Vi+ V3, Vi=Vi+V,, Ve=V,+V; (36)

Figure 5 shows the details of the Lyapunov function candidates
and the error functions during several unstable switches. In Fig. 5a,
during the nth switch cycle, V(, < 0 while Vu and Vb are positive.
V. < 0 indicates V, < 0 and V5 < 0. This is verified by Fig. 5b. So
V,» > 0is due to the excessive increasing of V|, as shown in Fig. 5b.
At the beginning of the next control cycle, (n + 1)th control cycle, it
is identified that V, is the largest Lypunov function candidate.
According to the switch strategy in Eq. (21), the controller switches
to control V,, which indicates V, ; < 0 as shown in Fig. 5b. Focusing
on V| in Fig. 5b, one can see that during the (n + 1)th control cycle,
V, is controlled such that Vl < 0. But the rate of decreasing of V| is
smaller than its increasing rate during the nth control cycle. This
results in that at the next switch time (at the point C in Fig. 5b), V| has
not decreased to the same level as the value at the beginning of the nth
control cycle (at the point A). That is Vfc) > V,(A). According to
Branicky’s theorem in Theorem 1, V; is not Lyapunov-like and the
stability is not guaranteed.

By the above analysis, it can be concluded that the instability
comes from two sources:

1) The decreasing rate of the error function of the new controlled
side is not big enough to compensate for its increased amount during
the last control cycle.

2) The new, uncontrolled error function is growing too fast.

Upon entering a new control objective switch, both the new
uncontrolled and the new controlled sides’ error functions need to be
taken care of to ensure the Lyapunov function candidates to be
Lyapunov-like. Corresponding to Fig. 5b, the magnitude of the slope
of V| during the (n + 1)th control cycle should be greater than the
slope during the nth control cycle. The increasing rate of V, during
the (m + 1)th control cycle should be less than its decreasing rate
during the nth control cycle. Figure 6 illustrates this idea. In this way,
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Fig. 5 Unstable switch analysis.

VI(C) < V{A) and V;C) < V;A). V3 is always being controlled during
the two control cycles so it is automatically satisfied that V;”) < V§A).
Thus all of the Lyapunov function candidates are Lyapunov-like
during the two control cycles.

To take care of the new controlled side, which indicates this side
was uncontrolled over possibly several control cycles, the first step
is to determine the requirement to remain Lyapunov-like for this
side. Let V,, denote the new controlled side’s error function. The
requirement for this side to be Lyapunov-like is that the change of the
corresponding error function in the new switch cycle A VD should
be less than its change in the previous switch cycle A V" This can be
expressed mathematically:

/ VoD gr < — AV (37)
(n+1)

where f(n 1) means the integration across the (n + 1)th switch cycle.
Because the control cycle period is very small, the inequality in
Eq. (37) is approximated by

VItUAr < —AVD (38)

where At is the control cycle period which is constant. This requires
the error function rate V" should be less than a certain value:

Vi) < AV At (39)

Because the subscript m denotes the new controlled side, V" is
determined to be negative. If AV s negative which means V,,
decreases in the nth control cycle, then the requirement in Eq. (39)
is automatically satisfied. Otherwise, a strategy that makes the

—V, th (n+ 1)
-V, control control
Sy, cycle cycle

Error functions in 3 sides

1334.5 1335 1335.5 1336 1336.5
time [s]

Fig. 6 Hand-drawn illustration of the new switch strategy effect.

inequality in Eq. (41) always satisfied is expected. Taking a time
derivative of V,, then substituting the EOM of X,, in Eq. (33) yields

Vm = AXm(kAXm + Bm[Bclrl]T
S (_kAXclr] - [PZ]AXCIrl - fctr]) + fm) (40)

In this expression of V,, only the control coefficients k and [P,] are
not dependent on the states and can be used to adjust the value of V.
This paper choose to change the matrix [P,] to make the error
functions to be Lyapunov-like. Substituting Eq. (40) into the
inequality in Eq. (41), yields

AXmBm[Bclrl]-i-[PZ]AX.Y(:Lrl > AXm(kAXm + fm

. AV
+ Bm[Bctrl]‘ (_kAXctrl - fclrl)) + T (41)

The inequality in Eq. (41) is the requirement for the matrix [P,] that
ensures the error function of the new controlled side is Lyapunov-
like. The requirement for the new uncontrolled side is similar:

AXucBuc[Bclr]]T[PZ]AXVCIH > A).(uc(kA}(uc + fuc

AV
+ Buc[Bctrl]T(_kAXclrl - fctrl)) + T (42)

The inequalities in Egs. (41) and (42) are two conditions that
guarantees the error functions to be Lyapunov-like. Note that the
matrix [P,] should be positive definite, so there are three
requirements for [P, ] that ensures a globally stable switched control.

C. Stable Switched Strategy

The previous section determined three requirements that ensured
a stable switched control. This section develops a new switched
control strategy that implements the stability requirements found in
Eqgs. (41) and (42). Above all, the existence of solutions that satisfy
the stability requirements needs to be investigated. Let us begin with
introducing an asymmetric positive definite matrix.

Property 1: A 2 x 2 matrix [A] in the form

_ All A12
=%, ] @)

is a positive definite matrix if and only if

Ap>0,  Ap>0 (44)

Proof: The symmetric part of the matrix [A] is

[A,] = %[A] + %[A]’ = [AO” A(Zz ] 45)
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It is evident that the symmetric matrix [A,] is positive definite if and
onlyif A;; > 0and A,, > 0. A necessary and sufficient condition for
a real matrix to be positive definite is that its symmetric part is
positive definite. Thus the matrix [A] is positive definite if and only if
A >0and Ay > 0. O

This form of a positive definite matrix is more general than
symmetric positive definite matrices. This provides more flexibility
in solving the inequalities in Eqs. (41) and (42). Note that the
inequalities in Eqs. (41) and (42) can be written in the general form

a[Py)b > c (46)

where a and b are two two-dimensional vectors, ¢ is a real number

that equals the right hand side of the inequalities. The following

theorem studies the existence of the solutions to this inequality.
Theorem 2: Assume a positive definite matrix in the form

_ All A12
=%, 2] “n

where A, and A,, are positive. Define two arrays: a = [a,, a,]" and
b =[b,, b,]". If the following two inequalities and one equation do
not happen at the same time

b, <0 (48a)
a,b, <0 (48b)
a,b, = ab, (48¢c)

then forany ¢ € R, there always exists a solution of the matrix [A] that
satisfies the inequality

a’lAlb > c (49)

Proof: It needs to be proved that the solution of [A] exists under
the following two cases: 1) a,b, # a,b, and 2) a,b, = a,b, and
a,b, > 0 and/or a,b, > 0.

Carrying out the algebra in the inequality in Eq. (47), yields

a1biAy + (a1by — azb)A, + aybrAy > ¢ (50)

Note that the requirements for A;; are A;; > 0 and Ay, > 0, the third
element A;, can be any real number. Next the existence of the positive
definite matrix [A] is proven under the enumerated two cases.

Case I: ayb; # a;b,. When a,b, # a,b,, the element A, can be
used to adjust the value of the left hand side of the inequality in
Eq. (50). If a, b, > a, b, then any real value of A, that satisfies

c—abAy — aybyAy,

A 1
12> albz_azbl (5 )

SF =<

Y
% N

Y

N
switch-1 '—)

is asolution to the inequality in Eq. (47) while preserving the positive
definiteness of the matrix [A]. Alternatively if a,b, < a,b,, then any
real value of A,, that satisfies

c—a;b)Ay — aybyAy

A 52
12 < arby — ayb, (52)

is a solution to the inequality in Eq. (47).
Case 2: a,b, =a;b, and a,b, >0 and/or a,b, >0. When
a,b, = ab,, the inequality in Eq. (50) simplifies to

abAy + a,b,Ay > ¢ (53)

Because either a;b; > 0 or a,b, > 0, without loss of generality it is
supposed a;b; > 0. Solving for A, from the inequality in Eq. (53),
yields

1
Ay >——(c— ab,Ap) (54)
ab,

The inequality in Eq. (54) does not conflict with the requirement that
Aq; > 0. Thus any value of A}, that satisfies

1
Ay > max{— (c — aybyAy), O} (55)
albl
is a solution to the inequality in Eq. (47). O

Theorem 2 proves the existence of solutions to the inequalities in
Eqgs. (41) and (42) unless the condition in Eq. (48) occurs. Note that
the two inequalities and one equation in Eq. (48) are rarely to happen
at the same time. By intuition without rigorous proof, here it is
assumed that a; b, = a,b, is a transient state. The situation given by
Eq. (48) is never detected in simulations.

So far all the preparations are in place to present the stable
switched control strategy. Note that the previous switch strategy
shown in Eq. (21) works well most of the time. The temporary loss of
stability happens is due to the discrete control time steps which result
in violation of the Lyapunov-like condition. The previous switch
strategy given by Eq. (21) is still valid unless the Lyapunov-like
condition is violated.

Beginning a new control cycle, there are three possible combi-
nations of the controlled sides. One of them corresponds to no
switching case, the other two correspond to two switched control
cases. For notational convenience, denote the three possibilities as
no switching, switch-1 and switch-2. When an unstable switching,
which means the switching does not satisfy the requirements in
Eqgs. (41)and (42), is detected, it is easier to change the new controlled
side than to change the value of the matrix [P,]. Upon this situation, at
first the controller switches the sides being controlled without
changing the value of [P,]. If simply switching sides can not ensure
Lyapunov-like condition, the controller changes the matrix [P,].

N
switch-2
—— v

((———‘ Change [P5)
D .
Y
N
switch-2 stable
T ——

Fig. 7 Stable switch strategy flow chart.
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Figure 7 illustrates the strategy of switching. The details of
calculating the value of the matrix [P,] is not illustrated. Upon
changing the value of [P,], it is better to start with simpler diagonal
form. If the diagonal form of [P,] matrix cannot provide a stable
switched control, then the more complex asymmetric matrix form as
shown in Eq. (47) is sought. The proof of Theorem 2 provides
requirement of [ P,] that ensures stability. To summarize, one element
of [P,] (either P,(1, 1) or P,(1,2), denote it as P, .) must be greater
than or less than a certain value (denote the value as p,). To
implement this requirement, a coefficient 7 is introduced to define an
equality constraint:

PZ.C = 1Ps (56)

When P, should be greater than pg, 7 > 1 is chosen; when P, .
should be less than p,, T < 1 is chosen.
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V. Numerical Simulations

This section presents numerical simulations to show the
effectiveness and performance of the stable switched three-craft
charge control. The desired shape here is triangular configuration.
For notational convenience, the old controller with the switching
strategy given by Eq. (21) is called Controller-1, the new stable
controller with the switching strategy given by Fig. 7 is called
Controller-2.

Both Controller-1 and Controller-2 are used to control the three-
craft Coulomb virtual structure. Under the same initial conditions
the performances of the two controllers can be compared. The
Controller-1 has different unstable behavior when the control charge
level is different. The following numerical simulations demonstrate
the behaviors of the control in two cases: large control effort case and
small control effort case. The response of the system is different in
different situations. When the initial errors and separation distances
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are large, the control charges levels are large. The following two
simulation cases illustrate the behavior of the system under two
controllers. In all of the simulations the masses of the three spacecraft
are the same:

m; =m, =mz =50 kg 57
A. Large Control Effort Case
The initial positions and velocities of the three spacecraft are
r =1[9,-2,0" m
r, =1[0,—4,0" m .
ry=[-2,-2,0" m

7, =1[0,0.01,0]" m/s
7, =1[0,0,0]" m/s
73 =1[0,-0.01,0]" m/s

(58)

The expected triangular shape of the virtual structure is defined by the
separation distances:

distance errors [m]

15 L L L
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X*=1[6,7,5]" m (59)
The proportional feedback coefficients are
k = 0.0003 s~2 (60)
The nominal value of the matrix [P,] is
o 1002 0 1

Note that the value of the [P,] matrix is varying using Controller-2.

Figure 8 shows the responses of the system under the two different
control strategy. Comparing the separation distance errors in Figs. 8a
and 8b, it is evident that the stable switched control strategy performs
better than the unstable switched control. Using this set of initial
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Fig. 9 Small control effort simulations.
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states and controller parameters, the old controller assuming contin-
uos switching capabilities cannot stabilize the distance errors to zero,
while the stable switched control strategy with finite control cycles
stabilizes the errors near zero. Because the rotating triangular
configuration is not an equilibrium solutions, the errors cannot
converge perfectly to zero. The smaller the control cycles are, the
smaller the final state errors will become.

The error functions’ histories in Fig. 8c explains the behavior of
the continuous-switching controller. During the time around 700—
1000 s, the controller switches at the highest frequency and the error
functions do not satisfy the Lyapunov-like conditions. The details are
similar to Fig. 5b. The error histories in Fig. 8a indicate this region is
an unstable segment. Figure 8d shows that under the control of the
stable switched control strategy, the error functions drop to very low
level (10~7 m?/s) within 1000 s, but will not really decrease to zero.
This means the system is stable, but not asymptotically stable as
explained above.

Figures 8e and 8f show the charge histories of the two simulations.
It can be seen that under the control of the stable switched controller,
the charge histories have more spikes than that of the unstable
switched control. This is due to the variation of the matrix [P,] in the
stable switched control. Despite the spikes in the charge histories, it
can be seen that after the distance errors settle down (after 800 s as
shown in Fig. 8b), the control charge level that holds the spinning
triangle is around 5 ©C. But at the beginning the charge level goes up
to 90 uC, which is challenging to practically implement. This
simulation case is aggressive. The intention of this simulation case is
to demonstrate different behaviors under different situations.

B. Small Control Effort Case
In this simulation, the initial errors and the separation distances are
small thus the controllers require small charge levels. The initial
conditions are set as
r; =[2,0,0] m
r,=1[0,—4,0l m ;
ry=[-2,-2,0l m

7, =[0,0.002, 0] m/s
7, =10,0,0] m/s 62)
75 = [0,—0.002, 0] m/s

The expected separation distances are given by
X*=[4,,4,4" m (63)
The controller coefficients are

k =0.0003 s72, [P3] = diag(0.005, 0.005) s~! (64)

Figure 9 shows the simulation results under the two controllers.
Figures 9a, 9c, and 9¢ show the results of the simulation using
Controller-1. The distance error history in Fig. 9a shows that at the
beginning 2000 s, the errors are staying at high level. The error
functions shown in Fig. 9e verify that during [0, 2000] s, there are
several temporary unstable regions where both of the three error
functions are increasing. After 2000 s, the distance errors are
decreasing significantly.

Figures 9b, 9d, and 9f show the results of the simulation using
Controller-2. Figure 9b shows that the distance errors decrease and
stabilize to zero in much shorter time than using Controller-1.
Comparing the charge histories in Figs. 9¢c and 9d, it can be seen
that there are more spikes when Controller-2 is being used. Figure 9b
also shows that the distance errors do not converge to zero. This is
because the new switched control Controller-2 is stable, but not
asymptotically stable.

It is not always the case that Controller-2 performs better
than Controller-1. Under different initial conditions and different
controller coefficients Controller-1 may perform better than
Controller-2. There is one difference between the two simulation
cases. When using Controller-1 in the large control effort case in the
illustrated simulation results, the distance errors settles down to a
certain level and stack there. But in the small control effort case, the
distance errors keep changing and will not stay at a certain level.

VI. Conclusions

This paper studies a three-spacecraft Coulomb formation
triangular shape control problem. Assuming continuous-switching
capability, a two-side switched control strategy is developed to
always control the worst two sides instead of controlling both of the
three sides. Here an implementable control solution is always
guaranteed. However, the discrete control time steps may cause
temporary instability of the shape control. A stable switched control
strategy is developed based on the multiple Lyapunov functions
analysis. This new switch strategy ensures all of the error functions to
be Lyapunov-like thus stability is guaranteed. Numerical simulations
demonstrate the improvement of the stable switched control. The
new switched control also induces spikes in the control charges
because the new control changes the value of the distance rate
feedback gain matrix to ensure stability. The method of employing
Lyapunov-like control functions is a promising approach to
investigate the relative control of charged spacecraft with more than
three vehicles. The new switched control strategy is successful in
stabilizing a nonequilibrium triangular shape. Further research will
investigate how this control can be used to control three-craft
collinear equilibrium shapes.
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